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Example 9.6

Formulate the free vibration equations for the two-element frame of Fig. E9.6a. For both
elements the flexural stiffness is E7, and axial deformations are to be neglected. The frame is
massless with lumped masses at the two nodes as shown.

Solution The two degrees of freedom of the frame are shown. The mass matrix is

m=[3’” m] (a)

Note that the mass corresponding to iy = 1 is 2m+m = 3m because both masses will undergo
the same acceleration since the beam connecting the two masses is axially inextensible.

The stiffness matrix is formulated by first evaluating the flexibility matrix and then
inverting it. The flexibility influence coefficients are identified in Fig. E9.6b and c, and the

e &

fa=1

gy VI

22

(b)

Figure E9.6

deflections are computed by standard procedures of structural analysis to obtain the flexibility
matrix:
P r [ 2 3 ]
" BEIL3 8

This matrix is inverted to determine the stiffness matrix:

K SEIT 8 -3
‘ﬁ[—s 2]

Thus the equations in free vibration of the system (without damping) are

" allal 7l llal={o]
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Example 9.2

A uniform rigid bar of total mass m is supported on two springs & and 4 at the two ends
and subjected to dynamic forces shown in Fig. E9.2a. The bar is constrained so that it can
move only vertically in the plane of the paper; with this constraint the system has two DOFs.

Formulate the equations of motion with respect to displacements u; and uy of the two ends as
the two DOFs.

Rigid bar

Inertia forces = (m/L)(x/L)

€
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Solution

1. Determine the applied forces. The external forces do not act along the DOFs and
should therefore be converted to equivalent forces p; and ps along the DOFs (Fig. E9.2b) us-
ing equilibrium equations. This can also be achieved by the principle of virtual displacements.
Thus if we introduce a virtual displacement §u; along DOF 1, the work done by the applied

forces is
5!11 5U1
SW = pj— — pp— a
Pt 5 Po 7 (a)

Similarly, the work done by the equivalent forces is
SW = p1suy + p2(0) (b)

Because the work done by the two sets of forces should be the same, we equate Egs. (a) and
(b) and obtain

p=2- (©

In a similar manner, by introducing a virtual displacement é u2, we obtain

_nm
=5+ (d)

2. Determine the stiffness matrix. Apply a unit displacement u; = 1 with us3 = 0
and identify the resulting elastic forces and the stiffness influence coefficients k17 and ks
(Fig. E9.2c). By statics, k11 = k and ks; = 0. Now apply a unit displacement up = 1
with 4y = 0 and identify the resulting elastic forces and the stiffness influence coefficients
(Fig. E9.2d). By statics, k12 = 0 and k22 = ko. Thus the stiffness matrix is

[l 0]

In this case the stiffness matrix is diagonal (i.e., there are no coupling terms) because the two
DOFs are defined at the locations of the springs.

3. Determine the mass matrix. Impart a unit acceleration iy = 1 with iz = 0, de-
termine the distribution of accelerations of (Fig. E9.2¢) and the associated inertia forces, and
identify mass influence coefficients (Fig. E9.2f). By statics, m11 = m/3 and m21 = m/6.
Similarly, imparting a unit acceleration iy = 1 with i1y = 0, defining the inertia forces and
mass influence coefficients, and applying statics gives mi2 = m/6 and me2 = m/3. Thus the
mass matrix is

=5 li el 0

The mass matrix is coupled, as indicated by the off-diagonal terms, because the mass is dis-
tributed and not lumped at the locations where the DOFs are defined.
4. Determine the equations of motion. Substituting Eqs. (c)-(f) in Eq. (9.2.12) with

¢ = 0 gives
f[z 1][ﬁ1]+[1f1 0][”1]:[(Pt/2)—(}79/£)] ()
6 L1 2]Lip 0 hkllu (pt/2) + (pa/L)
The two differential equations are coupled because of mass coupling due to the off-diagonal
terms in the mass matrix.
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Example 9.3

Formulate the equations of motion of the system of Fig. E9.2a with the two DOFs defined at
the center of mass O of the rigid bar: translation u; and rotation uy (Fig. E9.3a).
Solution

1. Determine the stiffness matrix. Apply a unit displacement u; = 1 with uy = 0 and
identify the resulting elastic forces and 4;; and ky; (Fig. E9.3b). By statics, ky = ki + ko
and ky; = (kg — k1)L/2. Now, apply a unit rotation ug = 1 with u; = 0 and identify the
resulting elastic forces and ks and kg (Fig. E9.3c). By statics, &y = (k2 — k1)L/2 and
koo = (ky + ko) L? /4. Thus the stiffness matrix is

[ kit ke (ky — k1)L /2
k= [(lfz —k)L/2 (h +1r2)L2/4] (@)

-

Inertia forces = — (m/L)x

ar s
© —2b v
:/l—Dx

Figure E9.3
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Observe that now the stiffness matrix has coupling terms because the DOFs chosen are not the
displacements at the locations of the springs.

2. Determine the mass matrix. Impart a unit acceleration ii; = 1 with ily = 0, deter-
mine the acceleration distribution (Fig. E9.3d) and the associated inertia forces, and identify
my; and my; (Fig. E9.3e). By statics, my; = m and my; = 0. Now impart a unit rotational
acceleration ily = 1 with ii; = 0, determine the resulting accelerations (Fig. E9.3f) and
the associated inertia forces, and identify ms and myg (Fig. E9.3g). By statics, mp = 0
and mgyg = mL%/12. Note that mgs = Ip, the moment of inertia of the bar about an
axis that passes through O and is perpendicular to the plane of rotation. Thus the mass
matrix is

_ m 0

m= [0 mLz/IZ] (b)
Now the mass matrix is diagonal (i.e., it has no coupling terms) because the DOFs of this rigid
bar are defined at the mass center.

3. Determine the equations of motion. Substitutingu = (u; ug)T,p=(p: po)7,
and Egs. (a) and (b) in Eq. (9.2.12) gives

[m 0 ]{Ur]+[ ki + kg (1{2—1(1)1./2]{&;}_{}?(} ©
0 mL* /12 | Lk (ko —k)L/2 (ki +k)L%/4) lue )~ | po
The two differential equations are now coupled through the stiffness matrix.

We should note that if the equations of motion for a system are available in one set of
DOFs, they can be transformed to a different choice of DOF. This concept is illustrated for the
system of Fig. E9.2a. Suppose that the mass and stiffness matrices and the applied force vector
for the system are available for the first choice of DOF, u = (u; ug)”. These displacements
are related to the second set of DOF, @ = (u; uy)7, by

) 1 —L/z]{u,} L
{u2]_[1 12 ug or u=au (d)
where a denotes the coordinate transformation matrix. The stiffness and mass matrices and
the applied force vector for the u DOFs are given by

k=a'ka m=a'ma p=alp (e)

Substituting for a from Eq. (d) and for k, m, and p from Example 9.2 into Eq. (e) leads to k
and m, which are identical to Egs. (a) and (b) and to the p in Eq. (c).

¥



